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JAPAN. 


ABSTRACT 


We  present  an  algorithm  for  finding  a  minimum  set  of  edges  to  be  added  so  as  to  k-edge- 
connect  a  given  graph  G  =  (V.E)  with  k>  1  and  |V|>  1.  The  time  complexity  is  0(k2|V|3(k|V|  +  |E|)) 
or  0(k2(|V|4  +  k|V|  +  |E|))  if  we  use  Dinic's  maximum  flow  algorithm  or  Malhotra.  Kumar  and 
Maheshwari's  one,  respectively,  as  a  subroutine. 


1.  INTRODUCTION 


The  problem  in  which  ihe  object  is  to  add  a  minimum  weight  set  of  edges  to  a  graph  Cl  -  ( V.E) 
so  as  to  satisfy  a  given  vertex-  or  edge-connectivity  condition  is  called  the  vertex-  or  edge- 
connectivity  augmentation  problem.  This  problem  has  a  wide  variety  [3.4.5.10.14-22]. 

Frank  and  Chou  [5]  discussed^  he  unweighted  version  of  some  edge-connectivity  augmentation 
problem  for  graphs  without  edges,  and  showed  that +t  is  polynomially  solvable.  Eswaran  and  Tar- 
jan  [3]  considered  the  following  problems: 

(i)  The  strong  connectivity  augmentation  problem  for  directed  graphs. 

(ii)  The  bridge-connectivity  augmentation  problem  for  undirected  graphs. 

(iii)  The  biconnectivity  augmentation  problem  for  undirected  graphs. 

They  proved  that  the  weighed  versions  of  these  three  types  are  NP-complete  and  that  each  of 
the  unweighted  versions  has  an  0(|V|  +  |E|)  algorithm.  Rosenthal  and  Goldner  [15]  proposed  an 
0(|V|  +  |E|)  algorithm  for  the  unweighted  version  of  the  biconnectivity  augmentation  problem 
Frederickson  and  Ja'ja  [6]  discussed  the  NP-completeness  of  several  restricted  augmentation  prob¬ 
lems  and  showed  O  (|Vp)  approximation  algorithms  for  above  problems  (i)-(iii). 

We  are  interested  in  the  k-edge  connectivity  augmentation  problem  for  undirected  graphs 
with  k^2.  a  generalization  of  f ii).  The  weighted  version  of  the  problem  are  easily  shown  to  be 
\P-complete.  The  unweighted  version,  which  had  been  one  of  open  problems  in  graph  theory  [2.  p. 
49],  was  solved  by  Watanabe  and  Nakamura  [20-22]:  it  is  shown  that  the  cardinality  of  a 
minimum  solution  of  the  problem  is  equal  to  the  k-augmentation  number.  EAk(G).  of  a  given  graph 
(1  (the  definition  will  be  given  later)  and  that  a  minimum  solution  can  be  obtained  in 
f>(  k-|V|4( k|\  |  +  |F|)  time  by  using  Dime’s  maximum  flow  algorithm. 

In  this  paper  we  consider  an  improvement  of  our  previous  algorithm,  given  in  [20-22],  for  k- 
edge-connectivity  augmentation  problems. 


In  section  2.  graph-theory  terminologies  and  technical  terms  used  in  this  paper  are  given. 

In  section  3.  we  summarize  our  previous  results  on  k-edge-connectivitv  augmentation  prob¬ 
lems. 

In  section  4.  we  describe  an  improvement  of  the  algorithm  mentioned  in  [20-22].  The  previ¬ 
ous  algorithm  repeats  two  procedures:  the  one  constructs  the  data  structure  called  the  component 
tree  by  using  a  maximum  flow  algorithm,  and  the  other  searches  for  a  pair  of  vertices,  called  an 
admissible  pair,  which  are  to  be  joined  by  a  new  edge.  The  most  time-consuming  part  of  the  algo¬ 
rithm  is  the  first  procedure,  which  is  repeated  each  time  a  new  edge  is  added.  Thus  it  is  repeated 
F.Ak(G)  times,  where  EAk(G)^k|V|. 

The  definition  of  an  admissible  pair  implies  that  any  minimum  solution  Z  of  the  problem  is 

partitioned  into  some  minimal  sets  Z(m+1) . Z(k)  such  that  their  addition  in  this  order  increases 

the  edge  connectivity  one  by  one.  where  m  is  equal  to  the  edge  connectivity  of  G. 

We  will  describe  how  to  determine  such  a  minimal  set  of  new  edges  whose  addition  to  the 
current  graph  increases  the  edge  connectivity  by  exactly  one.  without  reconstructing  the  data  struc¬ 
ture  This  will  reduce  the  repetition  of  reconstructing  the  data  structure  to  at  most  k-1  times, 
leading  to  a  more  efficient  algorithm. 

We  consider  the  case  where  a  given  graph  is  disconnected  or  connected,  respectively,  in  4.1  or 
4.2.  In  4.3.  we  estimate  the  lime  complexity  of  the  improved  algorithm  and  show  that  it  is 

()( k2|\  |'(  k|V|  +  |L| )) 

if  we  use  Dime's  maximum  flow  algorithm  [4]  or 

o(k-(|v|4  4-  k|v|  +  |i:|)) 

il  xe  use  the  maximum  flow  algorithm  proposed  by  Malhotra.  Kumar  and  Maheshwari  [4.13]. 


2.  PRELIMINARIES 


Many  of  graph-theory  terminologies  and  technical  terms  used  in  this  paper  are  more  or  less 
standard,  and  those  not  specified  here  can  be  identified  in  [  1 .4.8]. 

A  graph  G  =  (V.E)  (or  G=(  V(G).E(G))  )  is  a  finite  set  of  vertices.  V.  and  a  finite  set  of  edges. 
E.  If  E  is  a  multiset,  that  is.  il  any  edge  may  occur  several  times,  then  G  is  called  a  multigraph. 
Such  edges  are  called  multiple  edges.  Otherwise  G  is  a  simple  graph.  In  this  paper,  the  term  "a 
graph"  means  an  undirected  multigraph  unless  otherwise  stated. 

Two  vertices  u.v  which  comprise  an  edge  are  said  to  be  adjacent,  and  the  edge  is  often  denoted 
by  (u.v).  even  if  it  is  one  of  multiple  edges,  as  long  as  no  confusion  arises.  The  edge  (u.v)  is 
incident  to  the  vertices  u.v:  u  and  v  are  incident  to  (u.v).  The  degree  dG(v)  (or.  simply  d  (v)  )  of  a 
vertex  v  ol  G  is  the  number  of  edges  incident  to  il  in  G.  An  edge  (v.v).  that  is.  an  edge  joining  v  to 
itself  is  referred  to  as  a  loop  G,  =  (V^E,)  is  isnnuirphic  to  G3  =  (V2.E3)  if  |V,|  =  |Vi|.|Ei|  =  |E2| 
and  there  is  a  bijeclion  £  of  V,  onto  Y\  such  that  (u.v)€E,  if  and  only  if  (£(u).£(v))€E;>. 

A  walk  of  G  from  v,  to  vn  (or  a  (v,.  v„)  -  walk  of  G)  is  an  alternating  sequence  of  vertices  and 

edges  of  G.  v^e^vi.e; . vll_1.eIl_].vll(n^  1 ).  such  that  e,  =  (v,.v,+  1).l  ^i^n— 1.  The  length  of  this 

walk  is  n-1  A  path  (A  trail,  respectively)  is  a  walk  without  any  repeated  vertices  (edges)  in  it. 

for  1  ^i<  j^n.  the  (v,^)  -path  consisting  of  edges  (v,.vl+|) . (v^j.Vj)  is  referred  to  as  the  (v^Vj)- 

\ubpath  of  a  (v,.v„)-path.  If  n  >  2  then  v2 . vn_,  are  called  the  inner  vertices  of  the  path.  If 

two  paths  have  no  edge  in  common,  then  they  are  said  to  be  edge-disjoint  (or  simply,  disjoint ).  Let 
M(,( u.v )  (or  simply.  M( u.v ))  denote  the  maximum  number  of  pairwise  edge-disjoint  (u.v)-paths  of 
G 

G  is  connected  if  and  only  if  every  pair  of  vertices  of  G  are  joined  bv  a  path  of  G.  If  G  and  H 
are  two  graphs  such  that  V  ( II  \  ( G )  and  I.(  1 1 )  £h(  G).  then  II  is  a  subgraph  of  G.  Iff!  is  a  maxi¬ 
mal  connected  subgraph  of  G  (that  is.  if  YU!)  ^  V(G)  then  G  is  not  connected)  then  II  is  called  a 
connected  component  (or  simply,  component  )  of  G.  Let  /.  be  a  set  of  edges  such  that  Z  C  f  (G)  (7. 
P|  F(Gi  «  <Z>(empty),  respectively),  where  any  edge  of  7.  joins  two  vertices  of  V(G).  Then  G-Z 


(G+Z.  respectively)  denotes  the  graph  obtained  by  deleting  all  edges  of  Z  from  G  (by  adding  all 
edges  of  Z  to  G).  If  Z  =  {el  then  it  is  denoted  by  G-e  (G->-e)  for  simplicity. 

For  two  subsets  S.S'£Y(G).  let  F(S.S':G)  denote  the  set  of  all  those  edges  of  E(G)  joining  a 
vertex  of  S  and  one  of  S’.  In  particular,  we  denote  F(S.V(G)-S:G)  by  K(S.G).  If  S  =  |v}  then  we 
write  K(v.G).  If  S ^<t>  and  SCY(G)  (a  proper  subset)  then  k(S.G)  is  called  a  separator  or  a 
|k(S.G)|-separator  of  G.  Clearly,  if  |Y(G)|  >  1  then  G-k(S.G)  is  disconnected.  Put 

d(S.G)  =  |k(S.G)|. 

and  we  call  it  the  degree  of  S  (in  G). 

Let  k  be  a  separator  of  G.  and  suppose  that  k=k(T.G)  for  a  nonempty  subset  TCV(G).  A 
pair  of  disjoint  subsets  S.  S'£Y(G)  (that  is.  S  f)  S’  =  0)  is  said  to  be  separated  by  k  (or  we  say 
that  k  separates  S  from  S')  if  S  Q  T  and  S'£Y(G)-T.  k  is  referred  to  as  an  (S.  S'  ^separator  (of 
G).  If  S=lul  and  S'  =  { v }  then  we  simply  call  k  a  (u.v)-separator.  An  (S.S')-separator  k  with  the 

minimum  cardinality  among  all  (S.S')-separators  of  G  is  referred  to  as  an  (S.S  )-cttf  A  (u.v)-cut  is 

♦ 

defined  similarly.  Each  component  of  G-k  is  called  a  K-block  (of  G).  A  k-block  whose  vertex  set 
includes  a  subset  SCY(G)  is  denoted  by  B(S.k;G)  and  is  referred  to  as  the  IS,K;G  kblock  .  or  simply 
the  IS.K  I- block  of  G.  (For  simplicity,  we  often  use  the  term  "a  k-block".  meaning  its  vertex  set.  If 
S={u|  then  B({u),k:G)  is  written  by  B(u.k;G). 

Let  m^k  for  a  fixed  integer  k>  1.  A  subset  SCY(G)  is  called  an  m-edge-componera  (or.  sim- 
plv .  an  m-component  )  of  G  if  and  only  if  the  following  ( 1 ).  ( 2 )  hold: 

M)  M(j(  u.v  )  ^  m  for  any  u.  v  €  S. 

i  2  )  For  any  u  €  Y( G)-S.  S  has  a  vertex  v'  with  \1G(  u'.v')<  m. 

An  m-edge-component  that  is  not  an  (m-t-I  )-edge-componenl  is  said  to  be  critical.  If  S  is  an 
m-edge-component  of  G  with  0^d(S.G)<m  then  S  is  called  an  m-pendant  Clearly,  a  1-pendant  of 
G  is  identical  to  t lie  vertex  set  of  a  component  of  G.  Let  Pm(G)  denote  the  total  number  of  m- 
penoants  ol  G.  An  m-pendant  S  of  G  is  referred  to  as  an  external  m-pendant  if  k(S.G)  is  an  (S.S  )- 
cut  of  G  for  some  m-edge-component  S'(^S)  of  G. 


The  edge-connectivity  ec(G)  of  a  graph  G  is  the  minimum  number  of  edges  whose  removal 


from  G  disconnect  it  to  more  than  one  component  or  result  in  a  single  vertex: 

min  {  |k| :  K  is  a  separator  of  G  I  if  |V(G)|  >  1 

ec(G)  = 

0  otherwise 

G  is  said  to  be  h-ed ge-connected  if  ec(G)^h.  Let  Nc(u.v)  (or  simply.  \(u.v)  )  denote  the  cardinal¬ 
ity  of  a  (u.v)-cut.  It  is  well  known  that 

Nc(u.v)  =  \lc(u,v)  for  any  u,v€V(G),u^v 

and  that 


ec(G)  =  min|MG(u.v):  u.v€V(G).  u?*v}  if  |V(G)|  >  1. 

(See  [4.8].) 

Let  |x|  (|x|,  respectively)  denote  the  minimum  integer  not  less  than  x  (the  maximum  integer 
not  greater  than  x). 

For  a  subset  S  £V(G).  let  G[S]  denote  the  graph  defined  by  V(G[S])  =  S  and  E(G[S])  =  {(u.v) 
€(G):  u.v  €S).  G[S]  is  referred  to  as  the  subgraph  induced  by  S  of  G. 

Let  V  be  a  nonempty  subset  of  V(G).  and  let  a  €Y.  Put 

G-Y=G[V(G)-Y]. 

and  let  G<a.Y>  be  defined  as  follows: 

V(G  <a,Y  >  )  =  (V(tO— Y)(J  [a|. 

E(G<a.Y>  )  =  E(G— Y) U  Ka.v):  (u.v)€E(G).u€ Y.v€V(G)-Y|. 

It  is  said  in  [12]  that  G<a,F>  arises  jrom  G  by  identification  of  Y  to  a  Let 

T(a.a':G)  =  (X£V(G):  a€\.  a'6V(G)-Y.  d(X.G)  =  Mc(a.a')|. 

If  a^a’  tlien  T(a.a  :G)  is  nonempty. 

THEOREM  2.1.  [12] 


In  a  graph  G.  lei  Y €T(a.a:G)  for  certain  a.a  €V(G).  Then,  for  any  distinct  vertices  u.v  of 
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Mc<a,Y>(u.v)  =  \lG(u.v). 

Let  SCY(G).  and  let  G/S  denote  the  graph  defined  by  the  following: 

V(G/S)  =  V(G)-SU  (v(S)l  (v(S)CV(G)). 

and 

E(G/S)  =  E( V(G)  —  S.  Y(G)  —  S:  G) (J  |(u.v(S)):  (u.v)6k(S.G).v€S}. 
where  v(s)  is  the  new'  vertex  corresponding  to  S.  This  operation  constructing  G/S  from  G  is  called 

shrinking  of  S  in  G.  G/S  is  called  the  graph  obtained  by  shrinking  of  S  in  G.  For  simplicity,  we 

also  call  G/S  shrinking  of  S  if  no  confusion  arises.  Let  tt  =  {Sj . S,|  (l^2)  be  a  partition  of 

Y(G): 

Y(G)  =  S,  (J  '  U  Sf  S.fJSj  =  00  *  j). 

Let  |ir|  denote  the  total  number  of  sets  in  tt.  For  each  i.  l^i^t.  put 


(*<i>  _  G(l_! )  /S,. 


w  here  G(o,  =  G.  Pul 


G/tt  =  G(u. 

and  we  call  it  ihe  tt  -  shrinking  of  G.  G n  is  uniquely  determined  up  to  isomorphism,  indepen¬ 
dently  of  the  order  of  shrinking  of  the  sets  in  n.  Since  we  identify  two  isomorphic  graphs,  we  con¬ 
sider  that  G/  tt  is  unique  for  each  tt. 

Let  7r0(m)  denote  the  partition  of  Y(G)  into  m-components  of  G.  where  m>ec(G).  Put 

G/m  =  G/7rG(  m  ) 

for  simplicity.  G/m  may  have  multiple  edges.  Let  pnx  denote  a  mapping 

p.„:Y(G)  —  Y(G/m)=|v(S1):  S,€7r(m  M 

defined  by  pm(v)  =  v(S,)€7r(m^  if  and  only  if  v€S,.  pm  is  called  the  mapping  of  G  induced  by 
tt(/{  m ).  We  lix  p„ |  and  denote  p:,7'(  v(S,))  =  S..  For  any  set  F£E(G).  let 

pm{E)  =  { (pni( u).p:,.( v ) ):  (u.v )€F|. 


9 


fj  =  (uj1.uj2)6E(G),  Ujt€pmHvJt).  t  =  1.2. 

Pul 

Kg  =  {f, . f  <). 

Then,  clearly,  we  have 

kG  =  E(V,.V2:  G). 

Similarly  lo  ihe  proof  of  the  first  pari  we  can  show  that  kG  is  a  (p“1(v,).p"1(v;))-cui  of  G. 

Q.E.D. 

Suppose  lhai  there  is  a  pair  u.v  €  V((i)(u^v)  such  that  G  has  exactly  p  edges 

ej . e;>  (p^  1 ) 

conneciing  them.  Delete  these  p  edges  from  (!  and  add  an  edge  e 

e  =  (u.v  ) 

v  ilh  .veight 

c(e)  =  p. 

NVe  denote 

cr(e: )  =  e.  i  =  1 . p. 

Repeal  such  replacement  until  we  obtain  a  simple  graph  (C  with  each  edge  having  weight  equal  to 
the  number  ot  multiple  edges  ot  (i  connecting  each  pair  of  end  vert  ices. 

Construct  a  directed  graph  \((T)  from  (i  by  replacing  each  edge  e  =  (u.v)€lr(CP)  by  two 
iti reded  edges 

e  =  (  u  — ).  e"  =  (  v  —  u  ) 

•sth"!  .c  huh  ha  .e  a  eights  equal  lo  vie  r 

c'  e  :  =  c1  e  ' =  c(  e  ). 

\  <r  >  ..ailed  lhe'ii’i'-v  -ric  ■!  (i 

C.i  ■  se  a  pair  t  er.aes  -  i  1  s  at  ti  t  rom  \  <\<G  t)  with  M,a's.t)>0.  and  we  call  s  and  l  a 
■  e  ami  a  unit  respective! .  .  Consider  each  Jc  to  be  the  capacity  ol  e€K(N(Gs)).  and  any 
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existing  algorithm  for  finding  a  maximum  flow  f„,  from  a  source  to  a  sink  can  be  applied  to  \(GS). 
Let  \al  (f)  denote  the  total  flow  of  a  flow  f: 

vaZ(f)  =  E  f(e)  —  I  f(eJ. 

rfINd)  fC  OI  T'  i ' 

where  IX(w)  (OL’T(w ).  respectively)  denotes  the  set  of  all  edges  of  N  ( C»s )  incoming  to  w  (outgoing 
from  w).  In  particular,  put 

F(s— t:  C.)  =  val( fm)  or  F(s-t)  =  vaZ(fni) 

L  et  S.  S'cV(N(Gs))  be  nonempty  disjoint  sets,  and  let 

E(S-S')  =  le  =  (u-v):e€E(N(G*)).u€S.v€S'l. 

(S.S')  =  L:(S-S')U  E(S'-S). 

(S.S)  =  (S.VCMCr))  -  S). 

We  call  (S.  S  )  a  cut  of  N(G5)  Put 

c(S.S)  =  £  ‘-■(e). 

*  E.S-S' 

-Ahich  is  called  the  capacity  of  a  cut  (S.  S  )  A  minimum  cut  is  a  cut  \x  uh  the  minimum  capacity 
among  all  cuts  of  MGS). 

PROPOSITION  2.2. 

F(s“*t)  =  M(,(s.i)  if  Mc(s.t)  >  0. 

PROOF. 

Let  k  be  any  (s.l)-cut  of  Ci.  where  |k|  =  MG  (s.t).  Put 

S  =  H(n.K:Gl  S  =  B( t.k:G). 

Let 


i 

Then  clearlv, 

s 


k'  =  {tr(e)6E(G"):  e€k|. 


Hence  tor  the  cut  (S.  5)  C  Ft  MCI'))  of  \KTF  see  hase 


(S.S)  =  F(S-»$)  (J  F($— S > 

I  (  S  — S )  =  K  u-c  1  (  ua  *€k  !. 

F($-S)  =  l(c  — u)-  (u  x  )6k  ! 


Then 


Since  an;,  tloa.  t  has 


c<k  )  =  I  c(e)  =  Ikl.  k  =  (SS) 


\  al(  f  )$<.(  k  ”  i. 


•a,  e  has  e 

l<s-i)$c<k”)  =  |k|  =  Mjs.tF 

(’on.ersels  suppose  that  see  haxe  a  maximum  floxc  I  1:  Then  it  is  A.ell-kno'x n  that  VCi-'  has  a 
minimum  cut  k  =  <  S  S  )  such  that 

v6S  t  € S  k  •  =  Ms  — t  1 


t  <  e  >  = 


v.1  e  1  il  e  €  !  <  S  — S  t 


it  e  €  I  ^S-S  1 


t'run^e€k  I  r  eac  he  =  1  j  —  c  '  €  Ft  S  —  So  here  i-  a  =  1  —  u  >6  (  —  S  !  and  s.e  .  er-,a  I  el 

k'  =  u . s  61  (i  ’  1  a-  .  '61  S  —  S  I 


I  hen  k  a  an  '  s.t  i-->enarator  >1  (>  arul 


1 


p 


I  c(e>  =  c(K”)  =  F(s-n). 

r€  K' 


I  el 


k  =  ie€E(G)  <r(e)E  k'|. 


Then  k  is  an  ( s. i  (-separator  of  G  w  ith 
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We  ha\  e 


since 


Q.E.D. 


|k|  =  Rs.t) 


Fls.l»\!G(s.t). 


M<;(  S.t  )  =  \;(s.tK|k| 


>: 

y. 


I 


i 


I 

„*• 

m\ 

A 

> 

•s’. 

fc 


COROLLARY  2.1. 

far  an\  pair  u a  €  V  l  G )  l  u^c  ) 

\1G(  u  a  )  =  H  u  — c  ). 

\  he'e  .v  e  put  1  1  u  — c  >»<)  il  M,,f  u.\  >  »0. 

3.  THE  K  -  EDGE-  A I  GMENTATION  PROBLEM 

I  lie  <  ■eJ^K-connecux  u\  au%nu:niaii‘>n  pr, >bU-m  tor  any  fixed  k  ^  1  is  defined  by: 

"<  ii .  en  a  graph  1 1  =  I  \  l: )  w  ith  |\  |  >  1  determine  a  minimum  set  Z  ot  edges  joining  two 
•  ertu.es  ;  \  (( i 1  sti«.h  that  /  f"|  1  =  <i>  and  (I  ♦  Z  is  k -edge-connected." 

A  e  van  assume  hat  G  has  no  loop  and  that  anc  added  edge  joins  distinct  vertices  of  V(G). 
S  i p pose  that  k  ^es1  <  i  1  I  et  U,'  G 1  denote  the  minimum  number  of  edges  whose  addition  to  G  result 
n  i  %  eiiye-v  >n  reeled  graph  It  k  *  1  ihen  the  problem  is  easy  to  sol  . e.  Therefore  we  assume  '.hal 


k>2  and  |V(G)|>  1 


L> 

LS 

lx 


rS 


in  this  paper. 

3.1.  THE  DEMAND  AND  THE  EDGE- AUGMENTATION  NUMBER  OF  A  GRAPH 

We  give  definitions  of  edge  demands  of.  demands  of,  component  demands  of  m-components  as 
well  as  the  demand  of  a  graph. 

Assume  that  ec(G)  <m^k.  Let  S  denote  a  nonempty  subset  of  V(G).  The  edge  demand  of  S 
(of  G).  EDk(S.G).  is  defined  by 


EDk(S.G)  = 


0 


if  S=V(G)or  d(S.G)£k 


k— d(S.G)  otherwise 


Here  we  denote  a  t-edge-component  of  G  by  S(t)  for  t  >  0.  If  S  =  S(m)  then  the  demand  of  S  (of 
G).  Dk(S.G).  is  defined  recursively  by  the  following  (i).  (ii): 

(i)  If  S  =  S(k)  then 


Dk(S.G)  =  EDk(S.G). 


S 


1 

t 


(ii)  If  S  =  S(m)  with  m  <  k  then 


Dk(S.G)  = 


max( EDk(S.G).  21  Dk(S(m  + 1  ).G))  if  there  is  an  S(m  f  1  )CS 
SiiHf  DCS 


Dk(S(m  +  l  ).G) 


if  S=S(m  +  l ). 


where  2  Dk(S(m+l ).(»)  denotes  the  total  sum  of  demands  Dk(S(m+I).G)  of  those  (m+1)- 
s-  hit  1  'CS 

components  S(m+1  )C  S  of  G. 

(We  note,  as  is  in  Corollary  3.1  of  [20-22],  that  S  is  the  disjoint  union  )f  some  ( m+1  )-componenis 
of  G  if  S  is  a  critical  m-component  of  G.) 

We  generalize  the  definition  of  Dk(S.G)  to  that  for  a  subset  S  Q  V(G).  Suppose  that  SC\'(G) 
and  S  ^  S(m)  for  anv  m^k.  and  let 
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h(S)  = 


minlj:  S(j)CS}  if  there  is  S( j)  C  S  with  j>0 
0  otherwise. 


Then  we  define  the  component  demand  of  S  (of  G).  CDk(S.G).  by  the  following: 


CDk(S.G)  = 


£  Dk(S(h(S)).G) 

stwsncs  if  h(S)>0 


0 


otherwise. 


For  any  SC  V(G).  the  demand  of  S  (of  G).  Dk(S.G).  is  defined  by  using  this  notation  as  follows: 


Dk(S.G)  = 


Dk(S(m).G)  if  S  =  S(  m)  for  some  m^k 

max(  FDk(S.G).CDk(S.G))  otherwise. 


Let  Dk(G).  called  the  demand  of  G.  denote  the  value  determined  by  the  following  procedures 

( 1 )  -  (3): 

( 1  )  Compute  the  demand  of  S(k).  Dk  (S(k).G).  for  every  k-componeni  S(k)  of  G. 

(2)  If  k^ec(G)+l  then,  for  each  m  with  m=k-l . ec(G)  in  this  order,  compute  recursively  the 

demand  of  every  m-componenl  S(m)  of  G: 


I)k(S(m).G)  = 


max(FDk(S(m).G).CDk(S(m ).(»))  jf  lhere  is  S(m+1  )cS(m) 
l)k(S(m+l  ).G)  if  S(m)=S(m  +  l ). 


(3)  Let 


Dk(G)=Dk(\'(G).G). 


Put 


HAk(G)  =  jPk(  G  >/2|. 


We  call  F.AkiG)  the  k-edge-conneciivity-augmentaiion  number  (or  simply,  the  k- augment  at  ion 


number  )  of  G. 


3.2.  THE  CHARACTERIZATION  OF  EAK(G). 

We  summarize  our  previous  results  given  in  [20-22]. 

PROPOSITION  3.1.  [20-22] 

For  any  fixed  k^2.  G=(V.E)  is  k-edge-connected  if  and  only  if  EAk(G)=0. 

LEMMA  3.1.  [20-22] 

Rk(G)^EAk(G)  for  any  fixed  k^2. 

We  give  the  definitions  of  the  edge  condition  and  m-augmenting  sets,  which  are  necessary  to 
prove  the  converse  of  I.emma  3.1: 

Rk(G)^EAk(G)  for  any  fixed  k>  1. 

Clearly,  it  suffices  to  consider  the  case  with  ec(G)<k.  lor  any  vertex  v  and  each  m  with 
edGl^m^k,  G  has  exactly  one  m-component  that  contains  v.  Let  S(v.m;G)  denote  the  m- 
component  of  G  that  contains  v. 

Whenever  ec(G)<k  we  choose  from  V(G)  distinct  vertices  Uj.Ui  satisfying  the  following  con¬ 
ditions  ( 1 )  -  (3)  called  the  edge  condition  ( for  G): 

( 1  )  S( u,,m:G)  is  an  external  m-pendani  of  G  for  i  =  1.  2  and  lor  any  m  with  ec(G )+ 1  ^ m ^ k. 

( 2 )  S(  u,,m  +1  :G)CS(u,,m  :G)  for  i  =  1 .  2  and  for  any  m'  with  ec(g)+l  ^  m  <  k. 

(  3 )  S( u,.ec(G)+ 1  :G ) 5**S(  u2.ec(G)+ 1  ;G). 

We  note  that,  by  Proposition  3.3-13)  ■>!  [20-22],  we  can  find  a  pair  of  vertices  u,.u:  satisfying 


the  edge  condition  for  G. 


(!'=(»+(  ut  ,u:) 


(We  use  this  notation  throughout  this  section.)  Then 

N1  -(uj.uj)  =  \lG(U|.Ui)  +  1  =  ec(C>)  +  1 

An  m-component  S  of  G*  that  is  not  an  m-component  of  ti  is  referred  to  as  an  m-augmenting 
set  of  G  (with  respect  to  the  edge  (ui.Ui)).  Any  m-componeni  of  G‘  is  either  an  m-component  of  G 
or  an  m-augmenting  set  ol  Ci.  Since  the  addition  of  the  edge  (u|,ui)  to  G  can  increase  the  number  of 
pairwise  edge-disjoint  paths  by  at  most  one  each  m-augmenting  set  of  Ci  is  identical  to  the  disjoint 
union  of  at  least  two  m-components  included  in  an  (m-1  (-component  of  G.  Clearly,  any  m- 
augmentmg  set  of  Ci  is  a  critical  m-component  of  G 

A  pair  of  distinct  vertices  ut,U;€V(G)  is  said  to  be  admissible  (with  respect  to  CJ)  it  the  fol¬ 
low  ing  ( 1  )  and  ( 2  )  hold: 

i  1  )  The  pair  u,.u:  satisfy  the  edge  condition  for  Ci. 

i  2  l  It  ec(  Ci )  «  k- 1  and  Pk( Ci )  ^  4  then  S(  u  ( ,k:G  )  ( =S(  Ui.k:G  ) )  is  not  a  k- pendant  of  G  . 

LEMMA  3.2.  [20-22] 

Suppose  that  0$ec(G)<k  Then  we  can  find  an  admissible  pair  U|.u?  with  respect  to  G  such 

that 


EAJG)  -  FA*(G‘)  =  1 

VVe  have  proved  in  [20-22]  the  following  theorem  by  induction  on  k-augmentation  numbers 
of  graphs. 


THEOREM  3.1.  [20-22] 


For  any  graph  G  vc  nh  |Y( G)| >  1  and  for  any  fixed  k  ^  2. 

Rk(G)  =  EAk(G). 


3.3.  THE  DATA  STRUCTURE 


We  describe  data  structures  used  in  an  algorithm  lor  finding  a  minimum  solution  Z  of  the 
problem  We  denote 


nv  =  |Y(G)|.  n,  =  |F(G)| 


tor  a  given  graph  G. 


3.3. 1.  THE  DATA  STRUCTURE  FOR  A  GRAPH  G 

We  assume  here  that  G.  a  multigraph,  is  given  by  means  of  adjacency  lists  for  G5.  a  weighted 
simple  graph  it  consists  of  a  list  head  G ,dJ  and  some  vnodes  representing  vertices  of  G.  as  in  the 
following  declarations.  where  N  =  nv  (Figure  1). 


type 

# 

pnode  =  T  vnode: 

(ji ....  =  array  [l  \]  of  pnode: 
vnode  =  record 

YS.W1F.  \  \L.  WF.  integer: 
FTR  pnode: 

end. 


\  erticev  .'I  \  <Gi  are  integers  1 . \  and  VXAStE  maintains  the  corresponding  integer  VAI. 

Aill  be  used  to  maintain  current  tlow  values  in  a  maximum  ilow  algorithm.  WT  is  set  equal  to  the 
mullipiicif.  )l  the  ci'rresponding  edge  in  G.  The  adjacency  lists  for  G'  can  be  considered  as  those 
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V, 

V. 


for  \(GS).  and  are  used  also  in  a  maximum  flow  algorithm  which  compute  F(u-*v)  =  M0(u.v)  for  a 
pair  u.v€Y(G)  on  the  network  \(GS).  where  we  put  F(u-*v)  =  0  if  Mc  (u.v)  =0  For  any  Z'CZ. 
G  +  Z  will  be  maintained  as  adjancv  lists  for  (G  +  Z  )s. 

3.3.2.  THE  DATA  STRUCTURE  FOR  A  COMPONENT  TREE 

We  use  the  following  logical  data  structure,  which  is  referred  to  as  the  component  tree  for  G. 
Let  S(m)  (S(m)\  respectively)  denote  any  m-component  of  G  (of  G‘). 

The  component  tree  CT(G)  is  an  undirected  tree  defined  by  the  following  (1 )  and  (2): 

(1)  V(CT(G))  consists  of  those  vertices  uG,  uS(m).  uv  representing,  respectively,  V(G).  each  S(m) 
(l^m^k).  each  vertex  v€Y(G).  Yertices  uG.  uS(m).  uv  are  referred  to  as  the  root.  an  m- 
compiinent  \  ertex.  a  leaf,  respectively. 

(2)  For  any  distinct  vertices  u.u  € V(CT(G)).  there  is  an  edge  (u.u  )GE(CT(G))  if  and  only  if  one 
of  the  following  (i)-(iii)  holds: 

(i)  u  is  the  root  and  u'  =  us(1). 

(ii)  u  =  uS(1,  and  u’  =  uS(l+1)  such  that 
S(i+ 1 )  £  S(i).  l^i^k. 

(iii)  u  =  uS(k)  and  u’  =  uv  such  that  v€S(k). 

If  k  =  3  and  G  is  as  shown  in  Figure  2  then  CT(G)  will  be  as  in  Figure  3.  where  V,,  T,.  S,  are. 
respectively.  1-components.  2-components.  3-components  of  G. 

We  briefly  describe  the  actual  data  structure  of  a  component  tree.  The  component  tree  CT(G) 
consists  of  four  kinds  of  data  types,  linknode.  LEVEL.  CH  and  cnode  as  in  the  following  declara¬ 
tions  ( Figure  4): 

type 

linknode  =  T  cnode'. 


cnode  =  record 


NAME:  integer : 

NEXT.  LL1NK.  RL1NK.  SON.  TOP.  F:  linknode ; 
DEG:  integer: 

end: 


For  each  m.  O^m^k.  LEAF.L  [m]  is  the  pointer  to  the  first  cnode  of  the  list  maintaining  m-  j 

component  vertices  by  means  of  NEXT.  This  list  is  called  the  m-level.  For  each  i,  1  ^i^\:.  CH  [i]  is  j 

f 

the  pointer  to  the  cnode  corresponding  to  the  leaf  i. 

NAME  has  an  integer  greater  than  N  if  the  cnode  represents  the  root  or  an  m-component  ver¬ 
tex.  and  has  one  between  1  and  N  otherw  ise.  Suppose  that  an  m-component  S  is  the  disjoint  union 

i 

of  (m+1  )-components  S| . S,.  t^l.  ec(G)^m^k.  where  we  assume  that  a  (k  +  1  )-component 

means  a  leaf.  Let  R(S).  RIS,).  denote  the  cnodes  representing  S.  S,,  respectively.  Then  R{S\) . 

R( S, )  are  maintained  as  a  doubly  linked  list  by  means  of  LLINK  and  RLINK.  They  are  called  sons 

of  RIS).  RISIlSON  is  pointed  to  the  first  son  of  RIS).  and  RIS,)TF  is  pointed  to  RISK  i  =  1  . t.  j 

Rl  S  IlDEG  is  provided  for  dk(S,(>)  if  RIS)  represents  a  non-leaf.  RISII.TOP  is  set  equal  to  ^ 

R(S>1  SON  initially,  and  is  used  as  the  pointer  to  the  first  leaf  in  the  sons  of  £(SJ  during  the  pro-  ^ 

cedure  is  processing  RIS)  in  the  construction  of  CTKi).  If  RISfl  TOP=  nil  then  the  partitioning  RIS)  j 

t 

into  RIS]) . RIS.)  has  been  finished.  Figure  5  shows  a  part  of  the  actual  data  structure 

( 

corresponding  ('T(Ci)  of  Figure  2.  | 

In  the  procedure  which  constructs  ('T(Ci).  we  compute  \lG(u.v).  u.v€V((>).  by  using  a  max¬ 
imum  flow  algorithm,  as  u  subroutine,  with  u  modification  such  that  it  will  terminate  and  return 
the  value  k  whenever  the  current  flow  value  exceeds  k.  ! 

V 

Let  a((l)  denote  the  time  complexitv  ol  a  maximum  flow  algorithm  with  such  a  modification 
to  compute  F(u  — v;(i'  =  M()<u.v).  Then  CT((i)  can  be  constructed  in  fXn%:a((i))  time.  For  exam¬ 


ple  it  is  (X  np  Tnvn.l  it  we  use  the  Dime's  algorithm  and  is  ()  1  nvr  Tnp)  if  we  use  the  algorithm  pro- 
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posed  by  Malhotra.  Kumar  and  Maheshwari  (\1KM,  for  short),  where  T  =  min|k.nv|.  (For  the 
detail,  see  [4,  1 3],) 

(In  [9]  it  is  shown  that  we  can  determine  F(u-*v;G)(  =  Mc(u.v))  for  all  pairs  u.vGY(G)  by 
using  a  maximum  flow  algorithm  only  0(nv)  times,  instead  of  O(nf)  times  as  described  above.  In 
this  paper,  however,  we  do  not  take  advantage  of  this  result  simply  for  ease  of  implementation 
The  time  complexity  for  constructing  CT(G)  would  be  (Xnv  n%rne)  in  Dinics  case  and  0  (nv  nv3)  in 
MkM  s  case. ) 


3.3.3.  COMPUTATION  ON  CT(G) 

Suppose  that  we  have  CT(G).  We  describe  the  time  complexity  of  the  following  computation 
(1)  -  (5)  on  CT(G) 

(1)  dk(S(m ).(»).  Dk(G).  ec(G)  and  Pr"( G ) 

The  computation  of  the  following  ( i )  -  ( i v )  can  be  done  in  0( k(nv  +  n<))  time: 

( 1 1  The  degree  dk(S(  m).G)  for  every  m-component  S(  m  )  of  G.  m  =  1 . k. 

(u)  Dk(Ci)  ( the  demand  of  G). 

( in )  ec(G )  ( the  edge-connectivity  of  G). 

( iv )  pm(G)  (the  number  of  m-pendanls  of  G)  with  m  =  ec(G)+l. 

(2  )  f  inding  a  pair  u(  .u?  satisfying  the  edge  condition. 

Let  S  be  an  external  m-pendanl  ol  G.  Proposition  3.3  of  [20-22]  shows  that  S  includes  at  least 
one  external  ( m+ 1  )-pendant  of  G.  First,  suppose  that  there  are  distinct  (m  +  1  ^components 


Si .  S-.CS  ol  G.  Since 


a  e  ha',  e 


.  /  =  m  for  .'v.€S..  i  =  1,  2. 


dk(S,.  (i )  =  |K(  S,.  G  i\^  m.  i  =  1.2. 


"mmm 


dk(S,.  G)  =  m  for  either  i  =  1  or  i  =  2 


then  k(S,,  G)  is  a  (St.  S2)-cut  of  G.  meaning  that  S,  is  an  external  (m+1  )-pendant  of  G.  If 

dk(S,.  G)  >  m 

then  S,  is  not  an  (m+1  )-pendant  of  G.  Suppose  that  S  is  also  an  (m+1  )-component  of  G.  Then, 
clearly.  S  is  an  external  (m+1  )-pendant  of  G. 

Therefore  if  we  specify  a  cnode  of  representing  an  external  m-pendant  S(m)  of  G.  we  can  find 
in  0(knv)  time  the  cnode  representing  a  leaf  u  such  that 

u€S(k)£-£S(m+l  )£S(m). 

where  each  S(t).  m  +  l^t^k.  is  an  external  t-pendant  of  G.  Hence  we  can  find  a  pair  satisfy¬ 
ing  the  edge  condition  for  G  in  0(knv)  lime. 

(3)  Constructing  adjacency  lists  for  (G')s. 

We  can  construct  adjacency  lists  for  (G*  )s  in  (X  nv)  time,  w  here  G’  =  G  +  ( Uj  .u:). 

(4)  finding  an  admissible  pair. 

Suppose  that  we  have  a  pair  U|.  u:  satisfying  the  edge  condition  for  G  and  adjacency  lists  for 
I G  )\  where  G  =  G  +  ( U[ .  Us ).  It  suffices  to  consider  the  case  w  here  k  =  ec(G)  +  1  and  Pk(G  )  ^  4. 

We  choose  a  \eriex  v.  from  each  k-component  S,( ^  S( u,.  k:G).  i=  1 .2 )  of  G.  and  compute 
M(.  (u..\  ).  If  \I  -(ujA.J^k  then  DfXi  of  every  son  of  {he  cnode  representing  S(v,.k:G)  is  set  to  1. 

which  indicates  S(v..k:G)  Q  S(uj.k:G").  'I'hen  we  compute  dk(S(U|.k;G  ).G’)  in  CM  |L(GS)|)  time  by 
counting  the  total  w  eight  of  edges  ( u.v  )  €  !:(Gr )  0  k(S(  u ,  .k :G’  ;.(i  ). 

II  d, a  S(  U| ,k:G  ).  G  > < k  then  S(  U] ,k :G  )  is  a  k -  pendant  of  G  .  and  we  choose  another  \  erte\  u-. 

!  ram  a  k-pendant  not  included  in  S(U|.k;(!’).  This  choice  is  done  in  ()(nvJ  lime  l  emma  3  2  of 
[2(i-22]  shows  that  the  pair  Uj.  u:  is  an  admissible  pair.  Thus  we  can  find  an  admissible  pair  cith 
respect  to  G  in  G(n...a(G  )  +  |T(Ci  )|)  time  if  we  compute  M  -(U|.v.)  b\  means  of  a  maximum  !low 
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algorithm 

(5)  An  algorithm  proposed  in  [20-22], 

The  proof  of  Theorem  3.1  shows  an  algorithm  for  finding  a  minimum  solution  of  the  problem 
First  construct  the  initial  data  structure  and  compute  the  initial  data  (i)-(iv): 


M- 

(i) 

dk(S(m).G)  for  every  S(m),  m=l . k. 

(..) 

Dk(G). 

(mi 

ec(CI). 

(  IV  ) 

P"‘(G)  with  m  =  ec(G)  +  1. 

* 

Then  repeat  the  following  (a ).  ( b)  b\  E Ak( G)  times 

■. * 

(a) 

Finding  an  admissible  pain  u,.u?  with  respect  to  G  and 

the 

construction  of  CT(G'). 

(I 

G  =  G  +  ( uj.u2) 

,%* 

(b) 

The  computation  ol  the  follow  ing  ( i )-( in)  for  G\ 

G 

( i ) 

dK( S(  m  )  .G  )  for  everv  m-component  S(  m )'  of  G\  m=  1 . k. 

'  11  ) 

ec(G'). 

i  in ) 

P"‘(G  t  w  ith  m=ec  (G  )  +  1 

** 

V 

»  i 

Suppose  that  we  use  Dime's  maximum  How  algorithm.  Then  the  initial  data  structure  and  the 

V 

initial  data  1 1  M  iv  )  can  obtained  in  ( M  knv'n.. )  time,  (a ).  (  b)  for  G" 

can 

be  done  in  (X  knv|E(G‘  )j) 

lime 

Since  w e  have 

> 

•S 

|/.|  =  F.VG)  ^  knv 

and 

1  1  (i  I  +  ]  1  t <  i  |+  . +'l  '  <  i-*-/  .)  =  n.  -H  n,  +  I  i-t  .  ,.+i  n„+FAk(Ci i  knv  +  i  )( n„-t-knv 
or  an  .  soiutu  n  /.  the  total  time  is 


2< 


(X  k-n4(  knv  +  ne). 

li  we  use  MkMk  maximum  flow  algorithm  then  the  total  time  is 

0(knv(n„+knv4 )). 

The  most  time-consuming  part  ol  this  algorithm  is  constructing  a  component  tree,  which  is 
repeated  each  time  a  new  edge  is  added.  In  the  next  section  we  will  propose  an  improved  algorithm 
in  which  constructing  a  component  tree  is  repeated  at  most  k-1  times  instead  of  EAk(Ci )(  ^  knv) 
limes  mentioned  a  bene 


4.  AN  IMPROVEMENT  OF  THE  ALGORITHM 

We  consider  an  improvement  ol  the  algorithm  mentioned  in  3. 3.3-15).  The  idea  of  the 
improvement  is  as  follows 

I  lie  prev  ious  algorithm  reconstructs  the  component  tree  each  lime  we  find  only  one  edge  to  be 
added.  We  van  expert  a  more  efficient  algorithm  il  there  is  an  easy  way  to  find  as  many  edges  to  be 
added  as  possible  before  reconstructing  vomponent  trees:  it  max’  reduce  both  time  spent  to  find 
s'Ucn  edges  and  the  number  ol  times  ol  reconstructing  component  trees.  We  will  describe  more  pre¬ 


suppose  that 


ecUIXk.  k  ^  2. 


anil  let  /  be  a  solution  obtained  by  the  algorithm  mentioned  in  3  3.3-(5).  Since  each  edge  of  /.  joins 
a  pair  -I  vertices  satislving  the  edge  condition.  /.  has  a  partition 

/  =  /(ec'G)  +  1  )  U  U  /<k). 


/J  i  >  iT  /(  j )  =  d>(  i  ^  j  i.  /(  i  I  *  <i>  ( ec(  ( 1 '  +  1  $  i  5;  k 


suv.’i  that 


ev  i  ( 1  i  =  ec 1  1 1  - 1  1  +  1  —  i . 


•*.  .  *'  .  '  . -  .  »  -  -  i/4/1,  v «r-  *  •  • .  -  .  « 


iV  '  v'.v  .v', 

-  A-  -/o  -v-  •  -  ■  ■  ■/  do  •/.  ' 
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s 


ec(G,— e)  =  ec(G,_,)  for  ve€Z(i). 


w  here 


Geclt;j=  G.  G,  =  G,_j  +  Z( 0.  i— ec(G)+ 1 .  .  .  .  k 


We  will  consider  two  procedures,  connect  in  4  1  and  find  in  4.2:  the  first  one  determines  Z(l) 
for  G  with  ec(G)  =  0.  and  the  second  one  does  Z(m-rl  ).  m=ec(G).  for  G  with  ec(G)  >  0.  The  pro¬ 
cedure  find  is  used  repeatedly  to  determine  Z(m+) . Z(k)  in  this  order  such  that  reconstructing  the 

component  tree  will  be  done  only  between  Z(j)  and  Z(j+1)  for  each  j.  ec(G)+l  $  j  ^  k-1.  In  4.3 
we  describe  the  outline  of  an  improved  algorithm  and  estimate  its  lime  complexity. 


REMARK  4.1. 


*  H 
"  * 

>. 


(  1 )  If  ec(G)  =  0  then  |Z(  1  )|  ^  P 1  ( Ci )  —  1  ( Note  that  P‘(G)  is  equal  to  the  number  of  components  of 


(2)  If  ec(G)  >  0  then  |Z(i)|  ^  [P'(G,_,  )/2]  for  each  i.  ec(G)+l  ^  i  ^  k. 


Let  m  denote  any  fixed  integer  such  that 


edG)  $  m  S;  k  — 1 . 


and  put 


II  =  G,„.  rr(  m  +  1  ). 


where  7r(m->-l  )  denotes  the  partition  ol  \  (G,„)  into  (m-t-1  )-components  of  Let  £m+1  denote  the 
mapping  of  G:ll  induced  bv  7r(m-H  ).  We  have 

d(  u.H)  ^  m.  Mj|(  u.  .  1  =  m 

!or  any  u.  €  \'<  II I.  A  '-ertex  u  w  uh  d(  u  II )  =  m  is  called  an  i  m-*-  I  pendant  or  a  pendant  ol  II. 
and  P",~'(H>  S?  2. 


REMARK  4.2. 


If  u  is  a  pendant  of  II  then  k(  iul.il1  is  a  (ua*-cui  ol  II  lor  am  .  €  \  <  1 1  >  anil 
€  7r(m+l)  is  an  external  ( mi- 1  )-pendant  of  Any  l  m- 1 '-pendant  S  ol  (i,„  is  external 

and  £m*|(S)  €  V(H)  is  a  pendant  of  H. 


Y  =  iy, . y.,1  (q=P,,t|(Hi) 


denote  the  set  of  all  pendants  of  II.  and  put 


r  =  [q/2]. 


V(e)={u.\  l  for  an  edge  e=l  u  . 


V(H)=  UYfe'  for  a  set  I  ol  edges 

-«r  I 


Let  E:  be  a  set  of  edges.  We  call  I:  an  aiiachrrwni  <  for  IP  it  anil  only  d  the  lolloping  1  1  M  4 


(1)  VdilCY. 


(2)  ft  n  I : ( 11 )  =  &. 


13)  Y(e)  ^  \’(e  )  for  'e.e  €l  .  e^e 


(  4  )  There  is  at  most  one  pair  i  t  €  1  >ush  that  \\  1 1  1  t"l  \  i  j|  =  I 


4.1.  THE  PROCEDURE  CO.V.V/TT  <ec<GM)> 


We  .onsuler  the  procedure  c>nnec: .  w  hich  determines  /  I  ind  .■■ristr  us  uiiaieni 
'  ( i' -*■/.'  1  1 ;  \  ith  ec‘  (i  >=<  *  l  et 


VTiYV* 
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and  v  >n oilier 


il  =  n(  1  ) 


rii«*n 

V(H)  =  V  q^2  !  ( 11 )  =  6 

Define  a  'el  >1  edges 

/H  =  ie,  =  ( v,.yl+1 ):  i=l . q-l). 

a  here 

zH  n  F(H)  =  <*>. 

Clear!'. 

eel  H  +  /(<)=  1 .  ec(  H  +  )  =  0  for  v  Z.H  C  ZH 

\t"A  Ae  a  ill  shou.  hove  to  choose  a  pair  of  vertices  satisfying  the  edge  condition.  For  each  i.  1 
S  $  q  pul 


S.  =  y. )  6  7T<  1  ) 


J'he*e  are  ixeo  cases  concerning  each  S, 


1  S  is  a  k  component  ol  (1 

21  S  :s  a  critical  i -component  ol  C I  \a  here  1  ^  t  <  k 


1 1  r  p  s  i '  i .  n  *  tot  [ 2(>-22 !  shove s  t rial .  in  both  i  I  1  and  l  2  ).  there  is  a  sequence 

s  i  k  *  £  Cmi+hCv 

■  -jJi  =12  e  here  S  t  denotes  an  external  l  -pendant  ol  (i  t  =  1+  1 . k. 

S  s  =  S  il  S  is  a  k— -component. 

S  •  -  1  r  S  *  1  =<1>  il  S  s  a  c  rit  ica  i  '  —  v>m  rnmeni  i<k 


»» 

V 


Choose  vertices  uXJ.  x=l . q-1:  j=1.2.  as  follows: 


i 

$ 
»  « 


(i)  If  S  x  (Sx+i.  respectively)  satisfies  ( 1 )  then 

Uxi  ^  Sx  (ux2  €  Sx+1). 

(ii)  If  Sx  (Sx+1)  satisfies  (2)  then 

uxi  £  Sxi(k)  (ux2  €  Sx+I  2(k)). 


ex  =  (uxl  uxc)-  x=1 q— 1. 


where 


We  consider  the  case  where  x  =  1: 


ex  g  E(G). 


G.  G'  =  G  +  e,. 


Clearly,  the  pair  un.  u12  satisfies  the  edge  condition  for  G.  We  will  show  that  if  q  ^  3  then  the 
pair  u2 j .  u22  satisfies  the  edge  condition  for  G'.  If  this  is  shown  then  the  discussion  for  x-1  can  be 
applied  to  the  general  case: 

G  +  lei . ex-,i-  G  +  !e, . ex_i.  ex|.  x>  3. 

Proposition  3.6  and  Lemma  3.4  show  the  following  (a)-(c): 


(a)  S(uij.  1:G  )  =  S(u12.l :G')(=S1  US2).  and  it  is  the  only  1-augmenting  set  of  G  with  respect 


(b)  Any  m-component  S'  of  G’  is  also  an  m  -component  of  G  if  m  >  1  or  if  S'  ^  S(uu,l;G  ) 
with  m  =  1. 

( c  )  l  or  any  m -component  S  of  G'.  ec(G)  ^  m  ^  k. 


2  if  V(e|  )CS  and  either  P“!  (G)^3  or  m'  ^  k. 

ryS.G)— iyS.G'1  =  1  if|V(e,;ns|  =  1.  or  if Y(e,)CS  and  Pni (G)=3  with  m  =k. 

0  otherwise. 


Hence  we  have  (d).  (e): 


(d)  If  S2  =  S2,(k)  then  So  is  also  a  k -component  of  G'  with  Dk(S2.  G  )  =  I\(S2.  G)—  1  (  =  k— 1 ) 

(e)  If  So  is  a  critical  t-component  of  G,  1  ^t<k.  then  (i).  (ii)  hold. 

(i)  Soj(t')  is  an  external  t'-pendant  of  G'  with  Dk(S2i(t').G')  =  Dk(S21(t'),G)  for  each  t', 
t  +  1  ^t  ^ k. 

(ii)  If  t^2  then  So  is  an  external  t  -pendant  of  G  '  for  each  t".  2^t'^t. 

It  follows  that  there  is  a  sequence  of  external  pendants  of  G' 

S2i(k)C  ■  ■  £S21(t+l)cSi  (JSo 

such  that  if  So  is  a  critical  t-component  of  G  with  2^t<k  then  So  is  an  external  t”-pendant  of  G' 
and 

S,1(t+l)CSoCS1(JS, 

for  each  t 2<t"<t.  Thus  the  pair  u21.u22  satisfies  the  edge  condition  for  G\  and  we  obtain  the 
following  proposition. 

PROPOSITION  4.1. 

Let 

Hi  =  lei . eq_,|.  e,  =  (u,i.u,o).  l^i^q-1. 

Then  we  can  set 

7.(1)  =  E,. 

The  procedure  connect  repeats  two  procedures:  finding  a  pair  u,i.ul2  satisfying  the  edge  condi¬ 
tion  for  the  current  graph  G  in  G(knv)  time  and  then  constructing  adjacency  lists  for 
(G’>  +  (u;I.u,o))s  in  G(nv)  time.  Thus  the  procedure  connect  finds  7(1)  and  constructs  adjacencv 
lists  for  (Gs  +  /.( 1  ))s  in  Olkn,:)  time. 

CTU>  +  F'[)  is  easily  obtained  from  CT(G):  coalescing  all  1-component  vertices  of  ('T(G)  into 
one  1 -component  vertex,  merging  corresponding  sons  lists  into  one  list,  and  changing  degrees  of 


corresponding  component  vertices  inO(knv)  time  (by  means  ot  (c)) 


4.2.  THE  PROCEDURE  FI SD  (ec(G)  >  0) 

We  consider  the  procedure  find,  which  determines'  Z(m---l)  and  constructs  adjacency  lists  for 
(Cls  +  Z(m+l))s  with  m  =  ec(G)>0.  In  4.2.1  and  4.2.2.  we  consider  the  procedure  hfind.  which 
determines  a  minimum  attachment  ZH  for  H  =  G/rrCm+l )  such  that  ec(II+ZH)  =  m+1.  In  4.2.3.  we 
consider  how  to  determine  an  edge  (u’.v’lGZfm  +  l )  from  each  edge  (u.v)€ZH.  In  4.2.4  we  describe 
the  procedure  find,  a  modified  version  of  the  procedure  hfind. 

l  et  E  be  any  attachment  for  M.  For  each  edge  e  =  (u.v)€E.  H+E  has  a  new  (m+1  )-component, 
denoted  by  A(e.H+E).  containing  Y(e).  since 

\l[I+f(u.v)  =  \lH(u.v )  +  1  =  m  +1  ^Mh+e(u.v), 

A(e.H+E)  is  referred  to  as  the  (m+1  )-augmcnting  set  for  e  (with  respect  to  E). 

First  we  show  the  following  proposition  for  an  attachment  E  for  H. 


PROPOSITION  4.2. 

Suppose  that  an  attachment  l:  lor  II  satisfies  the  following  ( 1 ).  (2): 

(1)  V(E)  =  V 

(2)  11  +  E  has  an  (m+1 )— component  A  such  that  Y(E)  Q  A. 

Then 

A  =  VI H). 

PROOF. 

Assume  that 


ACYdll 

Corollarv  3.1  of  [20-22]  shows  that  II  -  1  has  an  (m*l  '-component  S  such  that 
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Proposition  3.1  of  [20-22]  shows  that  H  +  F  has  an  (  A.S)-cut  k  with  |k|  =  m  Proposition  3  3  of 
[20-22]  shows  that  B(S.K;H*F)  contains  an  ( mv- 1  )-pendani  S  of  H  +  E  We  can  show.  by  using 
Theorem  3  1  of  [20-22].  S'  is  also  an  ( m~  1  )~pendant  of  H  Hence  S  =  Is  I  for  some  vertex 


v€\(H)—  A.  It  follows  that 


a  contradition 


( \  (  H )-  A )  f]  v  *<*>, 


Q.E.D. 


We  w  ill  show,  in  4.2.1  and  4.2.2  that  we  can  find  an  attachment  E 


F  =  ( e i .  .  e,l  (r  =  |q / 2 1 ) . 


satisfying  the  following  (i)  -  (in): 


( i )  l  or  each  i.  1  <  i  ^  r— 1 . 


A(e,.H,l  f|  A(e1+I  H.*, )  *  ,/  r^2 


w  here 


ll„  =  H  H.  =  ll,_,  +  e,.  j  =  1  r 


(i.)  V(L)  =  V 


(in)  \"(e,)  P|  \'e,)  <b  if  and  only  it  q  is  odd  i  =  r— 1  and  j  —  r 


If  such  I  exists  then  A(e,.H  )  is  an  (m-1  )-component  of  II  *  f  anil 


\  !  I  '■£  A(e  . II  ) 


Proposition  4  2  shows  that 


4.2.1.  THE  CASE  WHERE  q  =  2 


il  q  =  2  then  let 

ZH  =  ie,  =  (y ,.  y,)|.  e,€E(H). 

Clearly  /.(1  is  an  attachment  for  H.  It  is  easy  to  see  that  ZH  and  Z(e|.H|)  satisfy  Proposition  4.2- 
( 1 ).  (  2  ).  show  ing  that 

A(e,.H,)  =  V(H) 

Thus  we  obtain  the  follow  ing. 


PROPOSITION  4.3. 

If  q  =  2  then 

A( e, .1 1 , )  =  \  (I! ) 

for  e,  =  1  yi.vsJ€E(H). 

4.2.2.  THE  CASE  WHERE  q  >  3 

I  et  f  be  any  attachment  for  H  such  that  there  are  vertices 

v,j€ V— V(E).  i.j  =  1.  2. 

where  ,:.v :i  are  pairwise  distinct,  and  if  v23  is  equal  to  one  of  the  rest  then  we  assume, 
without  loss  o I  generality,  that 


Put 


v’i:- 


l.  =  H  +  f.  e  =  (v,|.\  p).  e  = 

a  here 


Put 


e.  e  €Ii(  1. ). 

■Me)  =  .Ale.l  +  le.e  !  1  At e  )  =  Ale  , I.  le.e  !). 
Ae  =  Ale.l.  +  e  \e  =  A(  e  .1.  +  e  ). 
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AeCA(e).  Ae'CA(e'). 

and 

Ae(jAe‘  C  A(e)  =  A(e')  it  A(e)f|A(e')^. 
jn  ihe  following  we  first  consider  the  case  1  where 

A(e)  -3(e  )  =  0. 

i.e.,  1-  +  le.e’i  has  an  (A(e).A(e  ))-cut  consisting  of  m  edges.  Then  w-e  proceed  to  another  case  11 
w  here 

A(e)  C")  A(e')^0. 

CASE  I-  A(e)fl  A(e')  =  0.  (Then  V(e)  fl  V< e' )  =  0.) 

Let  k  be  any  fixed  ( A(e).A(e'))-cut  of  L  +  le.e'l.  and  let  B,.  i  =  1.  2.  denote  the  K-block  of 
1.  +  ie.e’  1  such  that 

Y(e)CA(e)CV(B|).  V(e')C  A(e')C  V(B2). 

(In  the  tollow  mg  discussion,  we  write  B,  instead  of  V(B,)  for  simplicity.)  We  note  that  k  is  also  an 


L*  A 


c 


I 


r. 

i •  * 

Jk 


£ 


£ 


i 


v, 


•2 


m 


(  A ( e )  A(e’))-cut  of  I.,  of  1.  +  e  or  of  l  +  e 


l  et  f .  f'  be  two  edges  defined  by  either 


1  —  (  V  11 .  V  -» |  ) .  t  —  t  V  |  t  .  V  *>  ■>  ) 


or 


f  =  (vu.V;!?).  f'  =  (  V  |t.\  ) 


i:-'  ;i  - 


w  here 


iff}  n  !<  i ) = <t> 

Let  b  be  any  fixed  vertex  from  U ’|.v22l  and  put 


1  =  ( I  +  e>  <  b.  Ik> 


We  note  that 


I )  =  B,  U  !b}.  I  =  f  I  t,e#|)<b.B:>.  (See  I  .g  (,.) 


PROPOSITION  4.4. 


Suppose  that  A(e)  P)  A(e  )  =  <i>.  Then 

Ml'(u,u)  =  M,(u.u) 

for  any  u.u  €  V(l).  where  L'  =  L  +  e  or  L  =  L  +  ie.e'j. 

PROOF. 

Since 

Ml+Jvu-v2i)  =  Ml  +  ^/vu.v,!)  =  m  =  |k|. 
Theorem  3.1  of  [20-22]  shows  that 

\lL'(u.u')  =  M|(u.u'). 


Q.E.D. 

PROPOSITION  4.5. 

Suppose  that  A(e>P|  A(e’)  =  <t>.  Then 

M  '(v.v')^M,  <(v.v') 

L  L  +  If.f  I 

for  any  v,v  €B].  where  L  =  I.  +  e  or  I.  =  L  +  !e.e  !. 

PROOF. 

It  suffices  to  say  that 

Mu+,(v.v')^Ml+||  f',(v.v'). 

Since  l.-k  has  just  two  components  whose  sets  of  vertices  are  13,  and  13?.  L 
such  that 

H(g  >f|  K  =  <t>.  j  =  1.2. 

Hence  I  +  ‘f.f  1  has  a  circuit  C  such  that 

HO  =  H0|>U  WQ:>U  I'  >'!■ 

l.et  I’,  denote  the  (vn.v12)-subpath  of  C  defined  by 


k  has  a  ( v.,.Vj2 
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E(Ph)  =  E(C)  —  H(  Oi  )■ 

L  el  Pj  .  .  .  P,  denote  any  fixed  set  of  (v.v  )-path  of  L  +  e.  where  t  =  ML+e(v,v  ).  If  none  of  them 

passes  through  e  then  all  of  them  are  paths  of  L  +  {f.f'l  and  the  proposition  follows.  Suppose  that 
eCEl?,).  Let  Plr  j  =  1 .  2.  denote  the  two  . subpaths  of  Pj—e.  where  we  may  have 

E(Pn)  =  0  or  E(P12)  =  0. 

Pu.  P12  and  all  other  P,ti^2)  are  paths  of  L  +  (f.f‘1.  Let  Pj'  denote  the  (v.v')-path  of  L  +  If.f'J 
defined  by  joining  P|,.P„.Pi2.  Then 

E(P,')D  E(P.)  =  0  if  i^2. 

That  is. 

ML+e(v.v')<ML+|f  f’,(v.v'). 

Q.E.D. 

COROLLARY  4.1. 

Suppose  that  A(e)  P)  A(e  )  =  0.  Then  L  4-  (f.f'l  has  the  (m+1  )-component  A  such  that 

Ae  C  Ate)  £  A. 

Put 

1]  (  V  1 1  A*21  )•  ~  f  2  =  (V12.V22).  t  4  ~  (  V  1 2  •  V  n  j  ) . 


'*5 

4 


a  > 


K 

& 


At  f, )  = 


A(f,.L  +  (f|.f:!)  if 


A(f,.L  +  11,.1'J)  if  3<i ^4 


PROPOSITION  4.6. 


Suppose  that  we  have 


Ate)  P)  Ate  )  =  0  and  At  f , )  P|  At  M  =  0. 


mi 


A(f3inA(f4W.  i.e..  A(fj)  =  A(f4). 


PROOF. 


L+ifj.fil  has  an  ( A(f i).A(f2))-cut  consisting  of  m  edges.  Let  K”  denote  any  fixed 
( A(f  1).A(f;))-cut  of  L  +  |f,.f2L  Then  K  K‘  is  also  an  (A(f,).A(f2))-cut  of  L.  of  L  +  fj  or  of 

L  +  f2.  Let  B,  denote  the  k'-block  of  L  +  ff^fil  containing  V(f,).  i  =  1,2.  We  have 


Suppose  that 


i.j  =  1.  2. 


V(K)f|B1  = 


Then  any  (vlrv2))-paih.  j=  1 .2 .  of  L  and  of  L  +  (e.e  l  passes  through  v.  Each  of  m  edge-disjoint 
( vi |.v:,)-paths  is  decomposed  into  two  subpaths:  the  ( vlrv)-subpath  and  the  ( v.v2j)-subpath. 


showing  that 


That  is. 


M|.+:f,f,i(virv)  =  m  +  1.  i.j  =  1.2. 


€  A( f ,)  P|  A ( f 2 ) . 


a  contradiction.  Similarly  we  can  show  that 


|V(k)f|  B,|sS2.  i  =  1.  2.  |V(k')fl  Bj'1^2.  j  =  1.2. 


k  =  { et:  l^i^ml.  k’ =  !e,’:  l^i^ml. 

and  let  Pn . PJm  denote  any  set  of  m  edge-disjoint  ( vH.V;v>)-path.s  of  L.  Then 

|F(  P3l)  n  =  |H(  P,.)  n  ^'i  =  1  >=  1 . na. 

If  we  assume  that  there  is  e€k  [J  k'  such  that 

\  Ce)  n  ( n  B,')^<i),  V(e)f|<B,  f|  Hr*')** 
then  some  P,,  passes  through  e,  showing  a  contradiction  that 

|H(P,,)f|K|^2  or  |I.(  P„)  D  K'|^2. 

Hence  no  such  eek  [J  k  exists.  Let  P41 . P4|II  denote  any  set  oi  m  edge-disjoint  ( c 21.v  1; )-paihs 

of  I..  Then  we  <.an  similarly  show  that  there  is  no  e€k  k’  such  that 


I 


e.' 


,-r. 

•fr 


i 
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V(e)f|(BinB1')^0.  i  =  1.2. 

For  each  i.  i  =  1 .  2.  put 

k,  =  {e,€k:  V(e))CB,'!,  k,'  =  {e/€k':  Y(e/)CB,| 

Clearly. 

k  =  k,  u  k2.  k'  =  k,’  u  k2'.  k,  n  k2  =  k2*  n  k2  =  0. 

ki^0.  k,'^0.  i=1.2.  k  P)  k'  =  <£. 

We  also  have 

l^il  =  IM  =  |k]  |  =  |k2  I- 

show  ing  that  m  is  even  Pul 

x  =  m/2. 

For  each  P}|.  i  =  1 . m.  put 

Pr-PjB.flB.'l.  t  =  1.2. 

Similarly,  for  each  P4|  .  i  =  1 . m.  put 

Pi'^PjB.flBi'].  Pir>  =  PJB, f| b21. 

We  note  that  these  4m  sutapaths  are  pairwise  edge-disjoint.  It  follows  that  L  has  pairwise  edge- 
disjoint  (vu.v21)-path  Q,.  i  =  1 . m.  defined  by  these  4m  subpaths  and  k  (J  k'.  (See  Figure  7). 

Let  Q:r,i( Qm2’  respectively)  denote  the  (vn.v13)-subpath  (the  (v22.v21)-subpath)  of  Qni.  and  let 
RfI, |  (R„l2.  respectively)  denote  the  (vn,v21)-palh  of  L  +  |f3,f4}  defined  by  joining 

Qrnl.f,  (Qm2.f3)- 

The  paths  Q,.  .  .  .  Qm-j .Q,„ j  Qm2  are  pairwise  edge-disjoint  (vn.v2I)-paths  of  L  +  {f,.f4l.  showing 

that 

A (  1  3  )  0  A(fa)  5*  <t>- 


Q.E.D. 


The  next  corollary  follows  from  Corollary  4.1  and  Proposition  4.6. 


COROLLARY  4.2. 


Suppose  that  Ale)  P)  A( e  )  —  d>  Then 

Ae£.A(e)CA(f,)=A(fA)  if  A(f,)  f|  A(f2)*0. 
Ae£A(e)C  A(fj)  =  A(f4)  otherwise. 

CASE  II.  A(e)fl  A(e')^0. 

Put 

e  =  (v.w).  e  =  (v\w).  L  =  L  +  e. 
Suppose  that  there  are  distinct  vertices 

v".w"€Y  -  (Y(C)U  V(e)U  Y(e')) 

such  that 

Afe’.L'  +  le'.e’'! )  P)  A(e".  L'  +  le'.e”) )  =  <t>. 

w  here 

e"  =  (v".w")6L(L). 

Corollary  4  2  shows  that  we  can  find  a  pair  of  edges  f.f"  such  that 

Air.i.'  +  ff.rnn  ao'.i:  +  if.ri)  *  6. 

w  here 

Vff)(J  Y(f')  =  Y(e')U  V(e">. 

Y(f)f)  Y(f')  =  d>. 

We  assume,  without  loss  of  generality,  that 

f  =  (  c  ,w  "  ).  I  =  ( v”.w  ’ ). 


PROPOSITION  4.7. 


Ve.l  if}  All  .1.'  +  1  >=6 


A(e.L  )  P)  Ad  '.I.  +  {')**<*> 


I 


$8 


£ 


1 

g 

K 


/- 

y> 


l. 


PROOF. 


First  we  note  that 


A(e.L  )£A(e.L  +  e  )  —  A(e  ,L  +  e)CA(f.l.  +  {f  ,f  I )  =  A(  f  ,L  +  |f.f()  (by  Corollary  4  2). 
A(e,L')£A(e,L  +  D.  A(e.L'+f )f|  Alf.L'+f )  =  <t> 


L  +  f  has  an  (A(e.L  +  f).  A(f.L  +  f))-cul  K  with  |k|  =  m.  Let  B„.  Br  denote  the  k-blocks  of 
1  +  1  such  that 


A(e.L  )CBe.  A(f.L'  +  f)cB(. 


We  can  assume,  w  ithout  loss  of  generality,  that 

w  € Be.  v'  €Bf.  (See  Fig.  S). 


Put 


k/  =  k u {e l  kf.  =  kUin 

Since 


\I<  -(v  ,w  )  =  M  -  <(v",w’)  =  m  +  1. 

L  +r  L  +1 

k  •  or  k  <  is  a  (v'.w')-cut  of  1.'  +  e'  or  a  (v".w-')-cut  of  l.'+f'.  respectively  B...  B.  are  the  k  - 
blocks  oi  L  +e  and  the  k  --blocks  of  I.  +  f\  Let  v,  be  any  fixed  vertex  of  B<  Then 
( 1/  +  e'  >  <  v,.Bf  >  is  isomorphic  to  <  I.  +  F )  <  v  f.B,  >  .  Put 

1.  =(l.  +  e  )< v. ,Br > 

Then,  by  Theorem  3.1  of  [20-22], 

\I(  •  o' u.u  )  =  M  -a  u.u  )  =  \l  ■  -i  u .u  1 
lor  any  u.u'  €  V(L” )  =  Be  1  v .  J.  This  show  s  that 

\1 1  ■  ■(  w  ^  m  +  1 

since 


,  v  -  w 

a  Vk  Am.  ’ 


Q.E.D. 

COROLLARY  4.3. 

Ate. L"  +  (f.f'l)  =  A(  f.I.  +  If.f'l)  =  A(  I  J  +  ll  I  | ) 

We  w  ill  she*,  by  using  Propositions  4  3.  4.6.  and  4  7.  that  ii  ecKil  >  O  then  *e  ^an  tind 
sequence  ot  edges 

e i ■  r  =  |q  2| 

such  that 

Aie  II  >C  A'e  II.,  )  .  =  1  r-1 

*  here 

H  .  =  II  H  .,  =  II  +  e 

'A  e  first  describe  the  procedure  6  And  -chere-ceput  t  t  ea«.h  i  1$  $r— I 

A'!  =  A'  !  II  ♦  !t  :  ' 

A'  t  '  =  A- :  II  ,  f  ■  : 

!  'T  t  a  '  edges  I  t  sU^h  !  hat 


procedure  h  \nd 


The  part  from  line  4  through  line  22  is  called  the  i-phase  for  each  i,  1  ^i^r— 1. 

Let  f,  .  f,+)  denote  the  two  edges  (v.w).  (v'.w'X  respectively,  that  we  have  at  the  beginning  of 


the  i-phase.  and  let  e,.  f1+1'  denote  those  edges  obtained  at  the  end  of  the  i-phase.  where 


For  each  j.  1  ^j^r.  put 


fY  =  (yi-  y’).  <7  =  <?r. 

V(f,')  U  v'(f.+1)  =  V(e.)  |J  V(fl+,‘). 


V  if  q  is  odd  and  j  =  r. 

lyj.  Vi . y2j_,.y2j}  otherwise. 


PROPOSITION  4.8. 


A(e,.H,)C A(e,+1.H1+j)  for  each  i.  l^i^r— 1. 


PROOF. 

Proposition  4.6  shows  that,  at  the  end  of  the  1-phase,  we  have  two  edges 

€\ .  I  2 

such  thal 

A(e,.H,)CA(ev.H,  +  f:')  =  A(f:'.H,  +  f,'). 
Suppose  that,  at  the  end  of  the  ( i-l  )-phase.  2  ^  i  ^  r— 1 .  we  have  two  edges 


e,_i.  I, 


such  that 


A( e  .11  ) C  Af e._ +  f,')  =  A(f/.H,_,  +  f,'). 

'A >  sonsuler  the  i-phase.  At  tlie  beginning  of  the  phase  we  have  two  edges 


and  suppose  that 
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K>  1  ’  ' 

h 


V >  „W 

to  V, 

•Vi  *  % 

£  * 


s 
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A(f/.  L"  +  f1+I)  f|  A(f,+1.  L"  +  f1+1)  =  0. 

Then  Proposition  4.6  assures  that,  at  line  12.  we  obtain  two  edges  f,  f’  such  that 

V(f)U  V(f')  =  V(f,')Uv(f1+I). 

V(f)*V(f) 

A(f.i:+{f.f'))  =  Ad'.L'  +  {f.f'D. 

Proposition  4.7  also  assures  that  we  have 

A(e,_,.L')n  A(f.L*  +  0^0  or  ACe.-j.L')  f|  A(f'.L'  +  0*0. 


Hence,  at  line  20,  we  obtain  two  edges 


such  that 


e,.  f 


i+i 


A(ei_i.I/)C  A(e,.I  +  e,).  1.'  +  e,  =  H, 
At  the  end  of  the  (r-1  )-phase.  we  obtain  two  edges 


such  that 


et-i-  0  =  «. 


A(er_1.H,_1)CAler_,.Hr_1  +  f/)  =  A(f/.Hf_,  +  tr')  =  A(er.Hr). 


Q.E.D. 


REMARK  4.3. 


( 1  )  f  or  each  i.  1  ^  i  $  r-1 


|\  (e, )  0  ^  ^ei-ri  )|  1  if  q  =  odd  and  i  =  i —  1 . 
V'  e. )  P)  Y(e,+| )  =  0  otherwise. 


Thus  we  obtain  the  follow  ing  proposition  by  Propositions  4.8.  4  3  and  Remark  4.3. 


PROPOSITION  4.9. 


A(er.IIr)=Y(H). 


COROLLARY  4.4. 

ZH  =  !et . erl  is  a  minimum  solution  to  the  (m+1)-  edge-connectivity  augmentation  of  a 

graph  H. 


PROPOSITION  4.10. 

Suppose  that  q  ^  3.  Then,  for  each  i.  l^i^r-1.  A(e,.H,)  is  an  (m+1  )-pendant  of  H,  if  and 
only  if  q  is  odd  and  i=r-l 

PROOF. 

Put 


A  =  A(e,H,). 


First  suppose  that  q  is  odd  and  i»r-l.  Since  |  Y-A|  =  1.  Hr_]  has  an  m-cut  k  *  k(iyl.  Hr_i).  where 
Y-A  =  { y ! .  The  k-block  B(  A.k:  Hr_|)  contains  at  least  one  ( m+1  )-pendant  of  Hr_j  (by  Proposition 
3.3  of  [20-22]).  Hence  if  we  assume  that  A  is  not  an  ( m  +  1  )-pendant  of  I lr_i  then  we  have  an 
(m*l  )-pendanl  y'  of  IIr_!  such  that 

v'€B(  A.k -  A. 


meaning  that 

y’€Y— A.  yY*y, 

a  contradiction.  Thus  A  is  an  ( m^l  )-pendani  of  H,_[. 


Conversely  suppose  that  A  is  an  ( m-^1  )-pendant  of  H,.  Then  A  is  external.  Put 


k  =  k(  A.  II,). 

where  |k|  =  m.  Let  BA.  B  be  the  two  k-blocks  of  II,  such  that 


I 

I 

I 
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BA  =  A.  B  =  V(H,)-A 


Assume  that  either  q  is  even  or  q  is  odd  and  1  < r-1 .  Then  there  is  an  edge  e,+  ) .  for  which 

V(ei+i)£B  (by  Remark  4.3— (1)) 

Hence  K  is  also  a  (BA.B)-cut  of  H1+1  =  H,  +  e,+i,  meaning  that 


Af|A(e1+1.H1+1)  =  0 


This  contradicts  Proposition  4.8. 


Q.E.D. 


COROLLARY  4.5. 


For  each  i,  1  ^i^r.  the  pair  of  vertices  of  V(e,)  is  an  admissible  pair  with  respect  to  H,_, 


4.2.3.  DETERMINING  Z(m+ 1 )  FROM  ZH 

We  describe  how  to  determine  Z(m  +  1 )  from  ZH  obtained  by  the  procedure  hfind  For  each  1. 
1  ^i^r.  put 

e,  =  (v„.vl2). 

V,  =  U  Pmil(v) 

Each  Pmi|(v)  is  an  external  (m+l  )-pendant  of  C>.  and  Proposition  3  3  of  [20-22]  shows  that  there 
are  two  sequences 

S1((k)£  £S,J(m  +  2)£I  Pn,i|( v,,).  j  =  1.2. 

where  S1((t’)  denotes  an  external  t  -pendant  of  (i.  t  =  m  +  2.  .  k  For  each  1.  I  ^i^r.  choose  two 


.  ertices 


and  put 


w.,6S.,l  k  ).  j=  1 .2 . 


•  r 

l: 


w  here  g,€F(G).  Let 


G,,  -  G.  G,  =  Ci,_,  +  g,.  i-1 . r 


PROPOSITION  4.11. 

For  each  i.  1  ^  1^  r.  the  following  ( 1 )  -  ( 3 )  hold: 

(1)  V,  is  an  ( m*l  )-component  of  G..  and  if  S  is  any  ( m+1  )-component  of  G,  such  that  S 
P|  V,  =  <t>  then  S  €  tr(m+l ). 

(2)  d(V,.G,)  =  d(V,.G)  =  d(A(e,.  II,).  !L)  =  d(  A(e,.H,).H  ). 

(  3 )  V,  is  an  external  ( m  +  1  )-pendant  of  G,  if  and  only  if  A(e,.  H.)  is  an  external  ( m+1  )-pendant  of 
IL. 

PROOF 

First  we  proce  ( 1 ),  where  it  suffices  to  consider  the  case  w  here 

\  ,CY(G).  or  i<r. 

1  el  S,  ,S;€  n(  m  + 1  >.  St  and  let  k(l  be  any  ( Sj  ,S2)-  cut  of  G.  w  here  |k()|  =  m.  There  are  distinct 
.  erlices  u  €  V(  1 1 ) such  that 


S  =  P:„! i  (u,L  J=l  - 

I’roposition  2  1  shows  that  11  has  a  <  u , .  u;)-cut  k((  =  j (  kt>).  lor  which 

IK  u  k|,;ll )  =  ip„,.|(S):  S€tr<  m  +  1  L  SC  IK  S  ,k(,:G  )l .  j=  1 .2. 


r  u 


3*  e  ll  IK  ii,)  =  IK  u  k„:H).  IK S, )  =  IK  S  k,,:G ), 


SurP'-se  '  :iai 
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Uj€  A.  j=  1 .2. 

meaning  that  kH  is  no  longer  a  ( u1.u2)-separator  of  H,.  There  is  some  et  =  (vtl.v,2)€ZH.  l^t^i- 
such  that 

vtJ  €  B(Uj).  j=l  .2. 

For  the  corresponding  edge  g,  =  (wtl.wl2). 

wtJ€p„Tii(^l,)^B(SJ).  j=  1 .2. 

Therefore  any  (S|,S2)-cut  of  G  cannot  be  an  (Sj.SO-separator  of  G,. 

Next  suppose  that 

S,CV,.S2CV(G)-  V,. 

Then 


u,6A.u2€V(H.)  —  A 

H,  has  an  (A.  Iu2l)-cut  K(]  with  |KH'|=m.  Since 


V(e,)CA.  j=l.  .  .  i. 

K  |i  is  also  an  (A.  {u2))-cut  of  H.  and  |u2|  is  an  ( m-*-l  )-component  of  H,  and  of  FI.  Proposition  2.1 
shows  that  G  has  an  (Si.S2)-cut  kG  with  jkG'j  -  |kH  |.  Since 

V(gj)C V.CB(S|.k(i":C;).  j=l . l. 

kG  is  an  ( V,.S2)-cut  of  G,.  and  S2€(  m+ 1 ).  Thus  ( 1 )  follows. 

If 


g€ k( V, e€k(A.H,) 

then 


O 

*  R 
&  • 


$ 

& 


g€k(V,.G).  e€k( A  ID. 
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respectively,  and  (2)  follows.  Clearly,  any  (m+1  )-pendani  of  G,  (of  H,)  is  external,  and  (3)  fol¬ 
lows  from  (2). 


Q.E.D. 


PROPOSITION  4.12. 

For  each  i.  1  ^i^r,  the  pair  w^.w^C  V(g,)  is  an  admissible  pair  with  respect  to  G,_i. 

PROOF. 

We  will  prove  the  proposition  by  induction  on  i. 

Inductive  basis  ii=I):  p,aii( v,,).  j=  1 .2 .  are  distinct  external  (m+1  )-pendants  of  G^.  and.  therefore, 
the  pair  satisfies  the  edge  condition  for  G,_].  If  q  ^  4  then,  by  Propositions  4.10.  4.11.  V,  is 

not  an  (m+1  )-pendant  of  G,.  Hence  the  pair  w,rwl2  is  an  admissible  pair  with  respect  to  G,_,. 

Inductive  hypothesis  ( i  ^  2):  For  any  t.  1  ^t<i.  the  pair  wtl,w',2  is  an  admissible  pair  with  respect 
to  G._,. 

Inductive  step  (i  ^  21:  If  q  is  odd  and  i=r  then,  by  Propositions  4.10.  4.11.  P,^ji(vl2)  =  V,^,  which 
is  an  (m+1  )-pendant  of  G,_,.  (Note  that  we  have  assumed  that  vr_,_,^vrl.  vr_I2  =  vr2  if  q  is  odd). 
Hence,  regardless  of  q  or  i,  our  choice  shows  that  PiTT-i-i^ vij)-  j—  1 .2.  are  always  distince  external 
( m^l )- pendants  of  G,_|. 

Suppose  that  G._,  has  at  least  four  external  (m+1  )-pendants.  Since 


i—  1  <  r— 1  if  q  is  even. 


i— 1  <  r— 2  if  q  is  odd. 


Proposition  4.10  shows  that  V,  is  not  an  <  m+1  )-pendanl  of  G,.  Thus  the  pair  w:1.w,2  is  an  admissi¬ 
ble  pair  w  ith  respect  to  G._,. 


Q.E.D. 


COROLLARY  4.6. 


We  can  set 

Z(m  + 1 )  =  (gl . gr! 

4.2.4.  THE  PROCEDURE  FIND  AND  ITS  TIME  COMPLEXITY 

The  procedure  find  is  a  modified  version  of  the  procedure  hfind .  we  find  edges  g,  €Z(m+l). 
add  them  to  Gs.  and  constructs  adjacency  lists  for  (Gs  +  Z(m+l))s  without  handling  H.  In  the  pro¬ 
cedure  hfind  the  index  i.  l^i^r-1,  is  used,  where  r=jq/2|.  q  =  |Y|.  In  the  procedure  find,  we  search 
the  (m-rl)-level  for  a  pair  of  (m  +  1  )-pendants  not  yet  processed.  Concerning  vertices,  say  v  or  w. 
and  edges,  say  t=(v.w).  appearing  in  the  procedure  hfind.  we  choose  vertices  av.  aw  from 
corresponding  ( m+1  )-pendants  of  (i  and  maintain  adjacency  lists  for  (G+(av.aw))s  if  the  edge 
lav.au)  is  added  to  G.  Accordingly,  for  example,  determining  if  A(  f )  P|  A(f')  -  <t>  at  line  7  of  the 
procedure  hfind  is  done  by  finding  vertices  av  au,  av  .  from  corresponding  (m+1  )-pendants  of  G 
and  by  computing  Mc  values  by  means  of  adjacency  lists  for  C  =  (Gs  +  {(av.aw).(av'.aw')))s. 
H.  =  H,_i  +  e,  is  maintained  as  adjacency  lists  for  (G.)s  =  ((G._j)s  +  g,)s. 

One  edge  g,  can  be  found  in  0(  knv  +  a(G,_, "  ))time.  where  G,_,”  =  G,_,  +  i(av.aw).(av’.a.v')(. 
If  we  use  Dime's  maximum  flow  algorithm  then  the  total  lime  of  the  procedure  find  is 

I 

Of  rknv  +  £(  (m+1  )nv(  n,.  +  i  +  1  )) ). 

i=i 

or 

0(  kn%:(  n^  +  n,.) ). 

li  we  use  MKM’s  maximum  flow  algorithm  then  the  total  lime  is 
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4.3.  THE  IMPROVED  ALGORITHM 

The  improved  algorithm  repeats  the  following  three  steps  (11-  (3)  at  most  k-1  times: 

( 1 )  The  procedure  comptree.  w  hich  constructs  CT(G)  for  the  current  graph  G. 

(2)  Computing  ( i)  -  ( iv )  or  ( i).  ( lii)  Civ)  mentioned  in  3.3.3  -  (1). 

(3)  if  ec(G)  =  0  then  the  procedure  connect,  which  find  Z(  1 )  and  constructs  adjacency  lists  for 
(Cr  +  Z(  1 ) )s  else  the  procedure  find,  which  finds  Z(m+1).  m=ec(G).  and  constructs  adjacency 
lists  for  (Gs  +  Z(m  + 1  ))s. 


n,  =  |E(G,)|.  i=0 . k. 

Then  the  time  complexity  of  each  step  is  as  follow  s: 

(1)  O  (knv’  n,)  (Dime)  or  G(knv4)  (MKM) 

(2)  O  (k(nv  +  n,)) 

(3)  The  procedure  connect  O(kny).  The  procedure  find  CXkn*:(nv  +  nj)  (Dinic)  or 
(X  knv?)  (MKM). 


I  he  total  lime  is 


n,^n„  +  knv. 


Of  k:nv’(knv  +  n. ) )  (l)inic) 


(>(k:(n4  +  knv  +  nj)  (MKM). 

We  note  that  space  complexity  is  G(knv  +  n. )  plus  space  required  by  a  maximum  flow  algo- 


5.  CONCLUDING  REMARKS 


We  have  proposed  an  improved  version  of  an  algorithm  for  finding  a  minimum  solution  to  the 
k-edge-connectivity  augmentation  problem.  Taking  advantage  of  the  results  in  [9]  to  reduce  time 
complexity  in  constructing  component  trees,  as  mentioned  at  the  end  of  3.3.2.  will  lead  to  a  more 
efficient  algorithm.  We  can  also  expect  that  a  maximum  flow  algorithm  will  spend  less  time  on  H 
than  on  G.  If  we  actually  construct  H  and  use  the  procedure  hfmd  then  we  may  be  able  to  obtain  a 
more  efficient  algorithm  with  the  increase  in  space  complexity. 
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